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Question Marks

Define order and size of a graph. Find order and size of complete graph.
Draw all graphs with four points.

Define multi-graph and pseudograph with example.

What is the maximum number of lines in a graph with p points? Justify.

Draw two different (5,5) graph.
Draw a graph with point representing the numbers 1,2, 3, ..., 10 in which
two points are adjacent if and only if they have a common divisor greater

than one.

Define degree of a point in a graph. Draw all graphs on p = 3 points.
Define minimum degree of a graph with example.

Define Maximum degree of a graph with example.

Define regular graph. Draw all regular graph with four points.

Define cubic graph. Draw all cubic graph with eight points.
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Define complete graph with example.
Define bridge point of a graph with example.

For any connected graph G prove that r(G) < diam(G) < 2r(G).
Define isomorphism of two graphs. Draw all non-isomorphic graphs with

three points.
Define complement and self complement of a graph with example.

Define cut point of a graph with example.

pp—1)

Show that a (p,q) graph is a complete graph if and only if ¢ = 5

If v is a cut point of G then show that v is not a cut point of G.

Define spanning subgraph of a graph. Draw all spanning subgraph of Kj.
Define induced subgraph of a graph. Draw two induced subgraph of K.
Is complement of a complete graph is a subgraph of that graph? Justify.
Define complete bipartite graph. Give an example of a bipartite graph
which is regular.

Define block and end block of a graph with example.

Define distance between two points with example.

Construct a graph with £(G) =3 A(G) =4 and §(G) = 5.

Define block index of point in a graph and find the block index of an

isolated point and a cut point.
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Define block graph of a graph. Draw block graph of K¢
Draw two different graphs GG; and G5 such that block graph of Gy is

isomorphic to block graph of Gj.

Define cut point graph of a graph with example.

Define point connectivity of a graph and find the point connectivity of
Kpn.

Define line connectivity of a graph find the line connectivity of cycle with

p number of points.
Define tree. Draw all trees with four points.
Draw all trees with seven points and A(T') > 4.

Define Eulerian graph with example.
Define hamiltonian. Give an example for a non-hamiltonian graph which

contains a hamiltonian path.

Show that any hamiltonian graph has no cut points.
Define neighborhood of a point with example.

Define maximal non-hamiltonian graph with example.

Define closure of a graph with example.

If G is a graph with p > 3 points such that deg(v) >

N3

for every point

in G then prove that G is hamiltonian.
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Define line graph and write the line graph of K, — e.

Define subdivision graph with example.

Is Wy is a line graph? Justify.

Is K4 — e is a line graph? Justify.

Draw L(G), L*(G) for Wj.

Define factorization of a graph.

Define planar graph with example.

Define maximal planar graph with example.

Give an example for a for a graph G such that both G and G are planar.
Define regular polyhedron with example.

Define crossing number of a graph with example.

Find the number of points and lines in complete bipartite graph.
State Euler’s polyhedron formula.

Define the point covering number of a graph with example.
Define the line covering number of a graph with example.

Define the point independence number of a graph with example.
Define chromatic number of a graph with example.

Find the chromatic number of complete bipartite and wheel graphs.
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If H is a subgraph of G then prove that x(G) > x(H).
Define adjacency matrix with example.
Define incidence matrix with example.
Define point covering number of a graph with example

Define cycle matrix with example.

Mention at least two differences between adjacency matrix and incidence
matrix.

Give an example of dominating set D such that D is common dominating
set for C5 and Cs.

Give an example of dominating set D such that D is common dominating

set for K5 and K.

Give an example for a minimal dominating set need not be minimum.
Define minimal dominating set with example.

Define domination number of a graph G with example.

Find domination number of K, and Fp.

Find domination number of K,,,, and K,, .

Find domination number of C,, and P,.

Define minimal dominating set with example

State and prove First theorem of graph theory.
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Prove that K 3 is not a line graph.

The line graph of a graph G is path if and only if G is path.

If G is a (p,q) graph then show that L(G) is a (q,q.) graph where,
1<

qr = 5 Zl di —q.

If G is hamiltonian graph then prove that for every non empty proper
subset S of V(G), w(G — S) < |S|, where w(G-S) denotes the number of
components in any graph G-S.

Prove that a graph is Hamiltonian if and only if its closure is Hamiltonian.
If G is a planar (p,q) graph with r-regions and k-components, then prove
that p-q+r=k+1.

If G is a maximal planar (p,q) graph with p > 3 then prove that q=3p-6.
If G is a planar (p,q) graph with p > 3 then prove that ¢ < 3p — 6.
Prove that every planar graph contain a point of degree at most 5.
Prove that the graph K5 and K33 are non-planar.

If G is a planar (p,q) graph without triangles and p > 3 then prove that
qg <2p—4.

Prove that at least one face of every polyhedron is bounded by n-cycle

for some n=3,4,5,...
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If G is a(p,q) planar graph in which every region is a n-cycle, then prove

-2
n—2
2
If G is a (p,q) graph then prove that x(G) > 2p 5o
pb”—2q

Prove that every non trivial connected graph GG has a dominating set D

whose component V' — D is also a dominating set.
Prove that in any graph the number of point of odd degree is even.

Prove that every non trivial tree has at least two points of degree one.
Prove that every non-trivial connected graph with p points has at most
p-2 cut points

Prove that every tree has a center consisting of either one point or two

adjacent points.

Prove that every connected graph has a spanning tree.
Prove that a line x of a connected graph G is a bridge if and only if it is

not on any cycle of G.

Prove that a cubic graph has a cut point if and only if it has a bridge.
For any graph G prove that b(G) = ¢(G) + Z [b(v) — 1] where, b(G)

veV(G)
is the number of blocks of G and ¢(G) is the number of components of

G.
Prove that a graph H is the block graph of some graph if and only if

every block of H is complete.
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Prove that among all graphs with p points and ¢ lines, the maximum
connectivity is zero when ¢ < p — 1 and is {%J when ¢ > p — 1, where
| ] is the greatest integer less than or equal to x.

Prove that if G is a k-connected (p,q) graph then ¢ > p?k Check whether
there is 5-connected graph with 20 lines.

A graph is the line graph of a tree if and only if it is a connected block
graph in which each cut point is on exactly two blocks.

Prove that the complete graph Ky,, n > 1 is 1-factorization. Display a
1- factorization for Kj.

Prove that the graph Ks,.1, n > 1 is the sum of n- spanning cycles.
Display 4- hamiltonian cycle for K.

Prove that for any graph G, x(G) < 1+ mazd(G") where the maximum
is taken over all induced subgraphs G’ of G.

Prove that in a connected graph G there is a Eulerian trail if and only if

the number of points of odd degree is either zero or two.
State and prove Euler’s formula of a connected planar graph.

Prove that the graph K5 and K33 are non-planar.
Let G be a connected graph with 2n points, n > 1 odd points, then prove

that the set of lines of G can be partitioned into n open trials.

If every block of a connected graph G is Eulerian, then G is Eulerian.
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Let G be a maximal planar graph of order p > 4 and let p; denote the
number of points of degree i, for i = 3,4,...,n = A(G) then prove that

3ps +2ps+ps =pr+2ps+ -+ (n—6)p, + 12

p

For any graph G prove that < x(G) < p— B+ 1. where 3 is the

ey

independence number of G.

Demonstrate matrix tree theorem on K, — e.

A graph G on p points is connected if and only if (A + I)?~! has no zero
entries.

If A = (a;j) be the adjacency matrix of a graph G then prove that (i, j)""
entry in A" [(A™);;] is the number of walks of length n from v; to v; with
example.

If G has incidence matrix B and cycle matrix C' then CBT = 0(mod2)

where, BT is the transpose of B.

Find the labelled spanning trees on p points using matrix tree theorem.
Prove that the following graphs are equivalent for any graph G (i) G is
2-colorable. (ii) G is bipartite.

If G is a graph of order n then prove that { J <~(G)<n-p.

1+A(G)

If G is a graph having p points and ¢ lines then prove that p—q < v(G) <

p— A.
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If G be a graph without isolated points and D is a minimal dominating
set then show that V' — D is a dominating set.

If G be any graph then show that p — ¢ < v(G), further v(G) = p — ¢ if
and only if each component of G is a star.

Prove that there exists a k-coloring of a graph G if and only if V(G) can
be partitioned into k subsets Vi, V5, ..., Vk such that no two points in V,
i=1,2,....k are adjacent.

Let G be a (p,q) graph then prove that § < % < A. Does there exist a
3- regular graph with six points? If so construct the graph.

Let v be a point of a connected graph G then prove that the following
statements are equivalent i) v is a cut point of G. ii) There exist a parti-
tion of V' — {v} into two subsets U and W such that for any point u € U
and w € W the point v lies on every u-w path. iii) There exist two points
u and w distinct from v such that v is on every u-w path.

Let G be a connected graph with at least three points then prove that
the following statements are equivalent i) G is a block. ii) Any two points

of G lie on a common cycle. iii) Any point and any line of G lie on a

common cycle. iv) Any two lines of G lie on a common cycle.
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Let G be a connected graph with at least three points then prove that
the following statements are equivalent i) Every two lines of G lie on a
common cycle. ii) Given two points and one line of G there is a path
joining the points which contains the line. iii) For every three distinct
point of G there is a path joining any two of them which contains the
third. iv) For every three distinct point of G there is a path joining any

two of them which doesn’t contains the third.
For any graph G prove that x(G) < A(G) < §(G).

If graph G has p points and §(G) > = then prove that A(G) = 6(G).

o |3

Let G be a (p,q) graph then prove that the following statements are
equivalent i) G is a tree. ii) Every two points of G are joined by unique
path. iii) G is connected and p=q+1. iv) G is acyclic and p=q+1.
Show that the following statements are equivalent i). G is a line graph.
ii). The line of G' can be partitioned into complete subgraphs in such a
way that no points lies in more than two of the subgraphs.

Prove that the following statements are equivalent for a connected graph
G, (i) G is Eulerian. (ii) Every point of G has even degree. (iii) The set
of lines of G can be partitioned into cycles.

For any graph G, the sum and product of y and y satisfy the inequalities

(p+1)*

2p<x+Xx<ptlandp<xx< 1
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If G is a graph with p > 3 points and §(G) >

DO |3

then prove that G is
hamiltonian.

Let G be a graph with p points and let u and v be non-adjacent points
in G such that deg(u) + deg(v) > p. Then prove that G is hamiltonian

if and only if G+uv is hamiltonian.

Prove that there are five regular polyhedron.

For any graph with incidence matrix B, show that A(L(G)) = B B-2I,,
where BT is a transpose of B.

A dominating set D is a minimal dominating set if and only if for each
vertex v inD, one of the following condition holds i) v is an isolated vertex
of D. ii)there exist a vertex u in V' — D such that N(x) N D = {v}.
prove that for any (p,q) graph without isolated point v(G) < «a(G).

where a(G) is point covering number of G.
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St.Philomena’s College (Autonomus), Mysore
M. Sc. - Mathematics (CBCS)
Model Question Paper
III- Semester Examination: 2020-21

Subject: Graph Theory

Time: 3 Hours Max Marks : 70

Section - A (MCQ)

1. (a) The cycle on n vertices is isomorphic to its compliment. The value of n
is
i) 5 i) 4
iii) 6 iv) 3 1
(b) In a connected graph, a bridge is an edge whose removal disconnects a
graph. Which one of the following statement is true.
i) A tree has no bridges
ii) A bridge can not be part of a simple cycle
iii) A graph with bridges cannot have a cycle
iv) none of the above 1
(¢) Let G be a connected planar graph with 10 vertices. If the number of
edges on each face is 3, then the number of edges in G is
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i) 20 ii) 24
iii) 16 iv) 26 1
(d) Let A be a adjacency matrix of a simple graph. Which one of the following
statement is not related to A.
i) Every diagonal entries are zero
ii) Symmetric matrix
iii) i row as well as i column of the matrix is equal to the degree of

U;

iv) Every column of the matrix contains exactly two 1’s 1

Section - B

2. (a) Show that a G = (p,q) graph is a complete graph if and only if ¢ =

p(p—1)
) 2
2
(b) Is K4—eis aline graph? Justify. 2
(¢) Define domination number of a graph G' with example. 2
Section - C
Answer any three from the following. 3x10 =30
3. (a) Provethat in any graph the number of point of odd degree is even. 5
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(b) Prove that every connected graph has a spanning tree.
4. (a) Prove that a graph H is the block graph of some graph if and only if every
block of H is complete.
(b) Prove that if G is a k-connected (p,q) graph then ¢ > p?k: Check whether
there is 5-connected graph with 20 lines.
5. (a) Provethat K 3isnot a line graph.
(b) Show that the following statements are equivalent
i. G is a line graph.
ii. The line of G can be partitioned into complete subgraphs in such a
way that no points lies in more than two of the subgraphs.
6. (a) Prove that the following statements are equivalent for a connected graph
G,
i. G is Eulerian.

ii. Every point of G has even degree.

—

iii. The set of lines of G can be partitioned into cycles.

(b) If G is hamiltonian graph then prove that for every non empty proper sub-
set S of V(G), w(G—S) < |S], where w(G-S) denotes the number of com-

ponents in any graph G-S.

Section - D
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Answer any three from the following. 3x10=30

7. (a) Provethat the graph K and K3 3 are non-planar.

(b) For any graph G, the sum and product of y and X satisfy the inequalities

(p+1)*

2/p < xtx <ptlandp < xx < 1

8. (a) If Gisa(p,q) graph then prove that x(G) > — 5
b7 —24q

(b) Prove that there are five regular polyhedron.
9. (a) Prove that every non trivial connected graph G has a dominating set D
whose component V — D is also a dominating set.
(b) For any graph with incidence matrix B, show that A(L(G)) = BT B—21I,,
where B” is a transpose of B.
10. (a) Demonstrate matrix tree theorem on K —e.

(b) A dominating set D is a minimal dominating set if and only if for each

vertex v in D, one of the following condition holds

1. v is an isolated vertex of D.

ii. there exist a vertex u in V—D such that N (z)ND = {v}.
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